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Abstract

An experimental set-up is designed and fabricated to yield a single degree-of-freedom friction-driven oscillator. Self-

excited limit cycles obtained experimentally are used to determine the numerical values of the parameters that appear in the

mathematical model under pure slip condition. Then the control of the limit cycle using a time-delayed displacement

feedback is investigated. The same system under harmonic excitation is also considered. A PD control system with

identical time delay in the displacement and velocity feedback is analysed. Only the primary harmonic entrainment region

is investigated. Both the best and worst time delays are determined. Stability and bifurcation conditions are discussed.

Numerical results are used to verify the analytical results obtained by using the method of multiple time scales and a

parametric investigation is included. The proper choice of time delay, which depends on the model parameters, is crucial. It

is shown that with appropriate choices of time delay and gain factors, both the limit cycle and the steady-state forced

amplitude can be controlled; no time delay or inappropriate time delay can enhance the vibration level.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Friction driven oscillation, a type of self-excited oscillation, is a serious problem in many engineering
systems. The friction force acting on the system provides the energy needed to maintain these vibrations. The
nature of the friction force, dependent on the relative (slip) velocity, time, temperature, material properties,
geometry and roughness of sliding surfaces, normal load etc., is really complex [1–6]. Ibrahim and co-workers
[1–3] have considered linear and nonlinear phenomenological models of interfacial friction forces between
sliding surfaces and between a rotating disc and a pin. Modelling of friction force and friction oscillators has
attracted the attention of both physicists and engineers [7,8]. In the nonlinear model under pure slip condition,
the friction force appears as a polynomial function of slip velocity having terms up to order three. Control of
self-excited oscillations, in general, is under investigation for quite sometime [9].

Nonlinear difference-differential equations involving time delays have been studied in various engineering
and scientific fields. In real-life applications, time delay cannot be avoided in the feedback line of any active
vibration control system. Active vibration suppression with time-delayed feedback is a fast growing field in the
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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area of vibration control [10–12]. Maccari [13,14] investigated the primary resonance of an excited Van der Pol
oscillator and a cantilever beam under state feedback control with a time delay. Energy considerations were
used to study the existence and characteristics of limit cycles corresponding to a two-period modulated motion
for the Van der Pol oscillator. Maccari [15] also considered a parametrically excited Van der Pol oscillator
with a time-delay state feedback. Plaut and Hsieh [16] used the method of multiple time scales to study a
forced nonlinear system with time delay in the damping term. Six different resonance conditions including
primary, subharmonic, superharmonic and parametric resonance were considered. Heckl and Abrahams [17]
discussed active control of a friction driven oscillator. The stability analysis of the controlled system was
carried out by considering complex eigenfrequencies and energy balance.

In this paper, experimental results are used for determining the numerical values of the parameters to be
used in the mathematical model representing a friction driven oscillator consisting of a spring–mass
combination placed on a belt moving along its length at a constant speed. The movement of the mass is
restrained in all directions other than that of the moving belt by a linear bearing. A nonlinear but smooth
variation of the friction force under pure slip condition is assumed. The equation of motion is derived by
expanding the friction force in a Taylor series with slip velocity as the independent variable. Terms up to third
order are retained. With the first derivative negative, the vibration grows and attains a limit cycle. This limit
cycle is obtained experimentally and is used to obtain the numerical values of the terms appearing in the
Taylor series. A control force proportional to the time-delayed displacement of the mass is assumed.

The same mathematical model is then considered with a harmonic force excitation on the block. A PD
control system with identical time delay in both the displacement and velocity feedback signals are considered
for possible control of the steady state oscillation amplitude. Only the primary resonance (harmonic frequency
entrainment [18]) is investigated.

The perturbation technique based on multiple time scales [19,20] is employed for analytical treatment of
both the limit cycle and the forced vibration response with time-delay state feedback. A second-order
expansion is required for the friction model considered in this paper. Two slow flow equations for the
amplitude and phase of the oscillators are derived. In the forced case with multiple solutions, the conditions
for stability and bifurcations are reported. Analytical results are compared with those obtained by numerical
integration of the delay differential equations using MATLAB. Finally the results of parametric investigation
[21], pointing out the best and worst time delays, are reported.

2. Mathematical model

The free body diagram of a block of mass m, placed on a moving belt and constrained by a spring of
stiffness k, is shown in Fig. 1. The inertial coordinate Z of the mass is chosen in such a way that Z ¼ 0
corresponds to the unstretched state of the spring. The friction force F is a function of the slip velocity ðv0 � _ZÞ
where the dot denotes differentiation with respect to time t. The equation of motion for the mass can be
written as

m €Z þ kZ ¼ F ðv0 � _ZÞ. (1)
Spring

k

Mass kZ

Z

m

Belt v0

F (v0-Z)

ωω

Fig. 1. Schematic diagram of a mass–spring system on a moving belt as a model of friction-driven oscillation.
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It is convenient to introduce a new variable X as

X ðtÞ ¼ ZðtÞ �
F ðv0Þ

k
, (2)

when Eq. (1) can be rewritten as

m €X þ kX ¼ F ðv0 � _X Þ � F ðv0Þ. (3)

Expanding the first term on the RHS of Eq. (3) in a Taylor series and retaining up to the third derivative
one gets

m €X þ kX þ F 0 _X ¼ 1
2
F 00 _X

2
� 1

6
F 000 _X

3
, (4)

where the prime on F denotes derivative of F evaluated at v0. Now Eq. (4) is written in the following
nondimensional form:

x00 þ xþ ax0 � bx0
2
þ gx0

3
¼ 0, (5)

where

o ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k=m
� �q

; t ¼ ot; a ¼
F 0ffiffiffiffiffiffiffi
mk
p ; b ¼

F v0ð Þ

2mk
F 00; g ¼

F 2 v0ð Þ

6 mkð Þ
3=2

F 000; x ¼
X

F v0ð Þ=k

and the primes on x denote differentiation with respect to t.
The approximate amplitude of the limit cycle of Eq. (5) can be obtained by the energy balance method [22].

Towards this end, one writes

x ¼ r sin t

and gets

r ¼

ffiffiffiffiffiffiffiffiffiffi
�
4a
3g

s
. (6)

For the system under consideration ao0 and g40 At this level of approximation the asymmetric coefficient b
does not play any role.

3. Experimental set-up

For experimental investigation of the friction driven oscillator, a single degree-of-freedom oscillator set-up
is fabricated. This consists of a mild steel block (1) placed on a rough leather belt (2). Numbers (1), (2) etc. are
marked in Fig. 2 which shows two views of the set-up. The block is attached to a rigid fixed support through a
coil spring (3). The mass of the block is 272 g. And the stiffness of the spring is 430N/m. Self-excitation is
provided by moving the belt at a constant speed. The belt moves over a pair of pulleys (4), one of which is
driven by a single phase induction motor (5) rotating at its rated speed of 1440 rev/min. The pulley shafts are
mounted in two pillow blocks standard ball bearings in a cast iron housing (6). Due to continuous operation
of the system and climatic changes, the length of the belt may change causing sag of the contact surface (with
the block). To avoid this sag, an idler pulley (7) is mounted on the slack side of the belt. This ensures good
contact between the moving belt and the block. In order to provide free rotation and vertical adjustment to the
idler pulley, two brass bushes (8) are used which can slide through a smooth rectangular pipe (9). The
movement of the oscillating block only along the direction of belt movement is ensured by mounting the block
on a linear motion (LM) bearing. The LM block (10) is of negligible friction. The rails (11) of the LM bearing
are attached to a square cross-section pipe (12) of high bending rigidity. Total movable mass, including the
effective one-third mass of the spring, is 303 g. Two vertical end stands (13) are used for overall vertical
adjustment of the assembly. The whole assembly is mounted on a heavy base (14) having four legs. The
oscillation of the block is measured by an accelerometer, the output signal of which is fed to a FFT analyzer
via a charge amplifier. The displacement signal and the associated power spectrum are finally measured.
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Fig. 2. Experimental set-up: (1) mass, (2) belt, (3) spring, (4) pulleys, (5) single phase induction motor, (6) pillow blocks standards ball

bearings, (7) idler pulley, (8) brass bush, (9) rectangular pipe, (10) LM block, (11) LM rail, (12) squared section pipe, (13) end stands,

(14) base, (15) scale.

Fig. 3. Steady-state response of the oscillator.
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4. Determination of friction model parameters

In order to determine the friction model parameters, i.e., the values of a, b and g appearing in Eq. (5), a series
of free vibration tests is carried out. It is observed that on starting the driving motor, the block starts oscillating
with a large amplitude and then settles into a steady-state periodic motion (limit cycle). This steady-state
oscillation occurs around a mean position where the spring is stretched by 10.5mm. Typical time response and
the associated power spectrum are shown in Figs. 3 and 4, respectively. It may be noted that the power
spectrum exhibits some high-frequency content. Furthermore, this relaxation type oscillation is seen to occur
with different maximum values on either side of the zero level and also the time taken in moving from the
negative peak to the positive peak is different from that for moving from the positive peak to the negative peak.

Now, Eq. (5) is integrated numerically with different combinations of a, b and g with different initial
conditions. Towards this end, dde23 numerical integrator of MATLAB 6.5 is used. Once the steady state is
reached, the values of peak-to-peak displacement, shift of the zero level and the time intervals with positive
and negative velocity in a cycle are compared with those obtained experimentally. This procedure led to the
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Fig. 4. Power spectrum of the response.

Fig. 5. Time–displacement curve obtained numerically.

J. Das, A.K. Mallik / Journal of Sound and Vibration 297 (2006) 578–594582
following set of values:
a ¼ �1:16; b ¼ 0:56; g ¼ 5:65.

The numerically obtained steady-state time response and the associated power spectrum are shown in Figs. 5
and 6, respectively. These figures are seen to be reasonably close to those obtained experimentally (Figs. 3
and 4). With above values of the parameters, Eq. (6) yields peak-to-peak displacement (2r) as 10.5mm, which
is quite acceptable since Eq. (6) does not reflect the effect of b. This value is about 10% less than what is shown
in Figs. 3 and 5. Here and onwards, unless otherwise stated, the above values of the parameters are used for all
numerical results.

5. Active control of limit cycle

To control the limit cycle of the friction driven oscillator, a control force, fc, proportional to the
displacement of the block with a time delay is assumed. Thus

f c ¼ AX ðt�HÞ, (7)
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Fig. 6. Power spectrum obtained numerically.
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where A is the proportional gain and H is the time delay. The signal X can be obtained by integrating twice the
accelerometer signal. With the control force in action, the nondimensional equation of motion of the oscillator
can be written as

x00 þ xþ ax0 � bx0
2
þ gx0

3
¼ gdxðt� hÞ, (8)

where h ¼ oH, gd ¼ A=k and all other symbols are explained after Eq. (5).

5.1. Analytical method

To apply the method of multiple time scales, Eq. (8) is recast in the following form:

x00ðtÞ þ xðtÞ þ �2ax0ðtÞ � �bx0
2
ðtÞ þ �2gx0

3
ðtÞ ¼ �2gdxðt� hÞ, (9)

with 0o�� 1. In Eq. (9), the damping, nonlinearity, proportional feedback gain are assumed to be small. The
solution of Eq. (9) can be written in the following form:

xðt; �Þ ¼ x0ðT0;T1;T2 . . .Þ þ �x1ðT0;T1;T2; . . .Þ þ �
2x2ðT0;T1;T2; . . .Þ þ � � � (10)

where Tn ¼ �nt; n ¼ 0; 1; 2; . . . :
Substituting Eq. (10) into Eq. (9) and equating the coefficient of e0, e1, and e2, on the both sides, one obtains

D2
0x0 þ x0 ¼ 0, (11)

D2
0x1 þ x1 ¼ �2D0D1x0 þ bðD0x0Þ

2, (12)

D2
0x2 þ x2 ¼ � 2D0D1x1 �D2

1x0 � 2D0D2x0 � aD0x0 þ 2bD0x0ðD0x1 þD1x0Þ

� gðD0x0Þ
3
þ gdx0ðt� hÞ, ð13Þ

where Dn ¼ @=@Tn; n ¼ 0; 1; 2; . . . :
The solution of Eq. (11) can be written as

x0 ¼ A1ðT1;T2Þ expðiT0Þ þ Ā1ðT1;T2Þ expð�iT0Þ (14)

and Eq. (12) becomes

D2
0x1 þ x1 ¼ �2iD1A1 expðiT0Þ � bA2

1 expð2iT0Þ þ bA1Ā1 þ cc; (15)

where A1 is an unknown complex function and Ā1 is the complex conjugate of A1. cc denotes the complex
conjugate of the preceding terms. To eliminate the secular term from x1;D1A1 ¼ 0; so that A1 ¼ A1ðT2Þ.
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Hence the solution of Eq. (15) becomes

x1 ¼
1
3
bA2

1 expð2iT0Þ þ
1
3
bĀ

2

1 expð�2iT0Þ þ 2bA1Ā1. (16)

With the use of Eqs. (14) and (16) the secular terms will be eliminated from the solution x2 of Eq. (13) if

�2iD2A1 � iaA1 þ
4

3
b2A2

1Ā1 � 3igA2
1Ā1 þ gdA1 expð�ihÞ ¼ 0. (17)

It is convenient to put A1 in the polar form

A1ðT2Þ ¼
1
2
rðT2Þ expðiWðT2ÞÞ, (18)

where r and W are real. Substituting Eq. (18) into Eq. (17), and separating the real and imaginary parts, one
obtains

r0 þ r
a
2
þ

3

8
gr2 þ

gd

2
sinðhÞ

� �
¼ 0 (19)

and

rW0 þ r
1

6
b2r2 þ

gd

2
cosðhÞ

� �
¼ 0, (20)

where primes denote derivatives with respect to T2.
For steady-state amplitude of the limit cycle, putting r0 ¼ 0, one gets

r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�

4

3g
aþ gd sinðhÞ
� �s

. (21)

From Eq. (20), one gets

W0 ¼ �
1

6
b2r2 �

gd

2
cos hð Þ, (22)

or; W ¼ �
1

6
b2r2 þ

gd

2
cos hð Þ

� �
T2. (23)

Thus the periodic solution turns out to be of the form

x tð Þ ¼ r cos 1þ �2W
� �

tþO �ð Þ, (24)

where r and W are given by Eqs. (21) and (23), respectively.
It may be pointed out that at this order of approximation, the amplitudes of the limit cycles of the

uncontrolled system (gd ¼ 0) and the controlled system with no time delay (h ¼ 0) are same (see Eq. (21)) and
equal to that given by Eq. (6). Of course, the time period of the limit cycles of these two systems are different.
Furthermore, from Eq. (21), it is obvious that the best (for minimum amplitude) and worst (for maximum
amplitude) time delays are given, respectively, by hmin ¼ p=2 and hmax ¼ 3p=2: Substituting the numerical
values with gd ¼ 0:28, one gets rmin ¼ 0:456 and rmax ¼ 0:583, where as the limit cycle amplitude of the
uncontrolled system is 0.523. The possibility of better control with increasing gain (up to some limit) is also
obvious from Eq. (21).

5.2. Numerical results

Eq. (8) is numerically integrated with different initial conditions for various values of gd and h until the
steady state is reached to generate a limit cycle. Detailed numerical studies [21] reveal that the choice of
the time-delay parameter h is crucial for effective control of the size of the limit cycle. For this purpose, with
the parameter values used, the time delay should lie in the range ð2p=7Þphpð6p=7Þ. If the value of h lies in the
range ð16p=9Þphp2p, the control force has an adverse effect of increasing the size of the limit cycle. The best
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Fig. 7. Limit cycle of the uncontrolled system.

Fig. 8. Limit cycle for the controlled system with gd ¼ 0:28, h ¼ 0.
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time delay is found to be h ¼ 2p=3, where as the worst time delay is h ¼ 17p=9. Figs. 7–10 show the limit cycles
obtained with no control and with the same control force (i.e., same value of gd) having different values of h. It
is worth mentioning that with a suitable choice of time delay, increasing the value of the gain parameter gd

from 0.28 to 0.38 was found to be more effective [21]. However, with an unsuitable choice of time delay,
increasing the gain parameter was counter-productive and further increased the size of the limit cycle.

The difference between the analytical and numerical results appear to be less for the case of best time delay
as compared to that with the worst time delay. Numerical results also clearly indicate that distortion from a
harmonic limit cycle, obtained by the approximate analytical method, is least with best time delay ðh ¼ 2p=3Þ
and is quite appreciable for the uncontrolled, controlled with no and worst time delay.

6. Active control of forced response

Let us now consider a control force

f c ¼ AX ðt�HÞ þ B _X ðt�HÞ (25)
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Fig. 9. Limit cycle for gd ¼ 0:28, h ¼ 2p=3.

Fig. 10. Limit cycle for gd ¼ 0:28, h ¼ 17p=9.
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acting on the block shown in Fig. 1. Here A and B are the proportional and derivative gains, respectively.
Identical time delay H is used for both the signals. Moreover, the block is assumed to be excited by a harmonic
force G cosðŌtÞ. Now the equation of motion can be written as

m €X þ kX þ AX ðt�HÞ þ B _X ðt�HÞ ¼ � F 0 _X ðtÞ þ 1
2
F 00 _X

2
ðtÞ � 1

6
F 000 _X

3
ðtÞ

þ G cosðŌtÞ. ð26Þ

In nondimensional form Eq. (26) can be rewritten as

x00ðtÞ þ xðtÞ þ ax0ðtÞ � bx0
2
ðtÞ þ gx0

3
ðtÞ þ gdxðt� hÞ þ gvx0ðt� hÞ ¼ f cosðOtÞ, (27)

where gv ¼ B=
ffiffiffiffiffiffiffi
mk
p

; f ¼ G=F ðv0Þ; O ¼ Ō=o and all other symbols are defined after Eq. (5).
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6.1. Primary harmonic entrainment O � 1ð Þ

The primary harmonic entrained response and its stability characteristic can be studied by using the method
of multiple scales. Towards this end, Eq. (27) is recast in the following form:

x00ðtÞ þ xðtÞ þ �2ax0ðtÞ � �bx0
2
ðtÞ þ �2gx0

3
ðtÞ þ �2gdxðt� hÞ þ �2gvx

0ðt� hÞ ¼ �2f cosðOtÞ, (28)

with 0o�� 1. In Eq. (28), the damping, non linearity, feedback gains and excitation terms all are assumed to
be small. The solution of Eq. (28) can be written in the following form:

xðt; �Þ ¼ x0ðT0;T1;T2 . . .Þ þ �x1ðT0;T1;T2; . . .Þ þ �
2x2ðT0;T1;T2; . . .Þ þ � � � þ , (29)

where Tn ¼ �nt; n ¼ 0; 1; 2; . . . :
For the case of primary harmonic entrainment set

1 ¼ Oþ �2s, (30)

where s is the detuning parameter.
Substituting Eq. (29) into Eq. (28) and equating the coefficient of e0, e1, and e2 on the both sides, one obtains

D2
0x0 þ x0 ¼ 0, (31)

D2
0x1 þ x1 ¼ �2D0D1x0 þ bðD0x0Þ

2, (32)

D2
0x2 þ x2 ¼ � 2D0D1x1 �D2

1x0 � 2D0D2x0 � aD0x0 þ 2bD0x0ðD0x1 þD1x0Þ

� gðD0x0Þ
3
� gdx0ðt� hÞ � gvD0x0ðt� hÞ þ f cosðOtÞ, ð33Þ

where Dn ¼ @=@Tn; n ¼ 0; 1; 2; . . . :
The solution of Eq. (31) can be written as

x0 ¼ A1ðT1;T2Þ expðiT0Þ þ Ā1ðT1;T2Þ expð�iT0Þ (34)

and Eq. (32) becomes

D2
0x1 þ x1 ¼ �2iD1A1 expðiT0Þ � bA2

1 expð2iT0Þ þ bA1Ā1 þ cc, (35)

where A1 is an unknown complex function with Ā1 as its complex conjugate and cc denotes the complex
conjugate of the preceding terms. To eliminate the secular term from x1 D1A1 ¼ 0; so that A1 ¼ A1ðT2Þ. Hence
the solution of Eq. (35) becomes

x1 ¼
1
3
bA2

1 expð2iT0Þ þ
1
3
bĀ

2

1 expð�2iT0Þ þ 2bA1Ā1. (36)

With the use of Eqs. (34) and (36) the secular terms will be eliminated from the solution x2 of Eq. (33) if

�2iD2A1 � iaA1 þ
4

3
b2A2

1Ā1 � 3igA2
1Ā1 � gdA1 expð�ihÞ � igvA1 expð�ihÞ þ

f

2
expð�isT2Þ ¼ 0. (37)

It is convenient to put A1 in the polar form

A1ðT2Þ ¼
1
2
rðT2Þ expðiWðT2ÞÞ, (38)

where r and W are real. Substituting Eq. (38) into Eq. (37) and separating the real and imaginary parts, one
obtains

r0 þ r
a
2
þ

3

8
gr2 �

gd

2
sinðhÞ þ

gv

2
cosðhÞ

� �
�

f

2
sinðcÞ ¼ 0 (39)

and

rc0 þ r s�
1

6
b2r2 þ

gd

2
cosðhÞ þ

gv

2
sinðhÞ

� �
�

f

2
cosðcÞ ¼ 0, (40)

where primes denote derivatives with respect to T2 and c ¼ �sT2 � W.
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Define,

gd

2
¼ K sinðjÞ and

gv

2
¼ K cosðjÞ. (41)

Therefore, K ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2

d þ g2
v

q
and j ¼ tan�1ðgd=gvÞ.

Substitution of Eq. (41) into Eqs. (39) and (40) yields

r0 þ r
a
2
þ K cosðjþ hÞ

� �
þ

3

8
gr3 �

f

2
sinðcÞ ¼ 0, (42)

rc0 þ r sþ K sinðjþ hÞð Þ �
1

6
b2r3 �

f

2
cosðcÞ ¼ 0. (43)

The solution to Eq. (28) has the form

xðtÞ ¼ r cosðOt� cÞ þ 1
2
�br2 1þ 1

3
cosð2Ot� 2cÞ

� �
þOð�2Þ, (44)

where r and c are defined by Eqs (42) and (43).
Steady-state solutions for primary harmonic entrainment are obtained from r0 ¼ c0 ¼ 0. Elimination of c

from Eqs. (42) and (43) then leads to

r2
a
2
þ

3

8
gr2 þ K cosðjþ hÞ

� �2

þ s�
1

6
b2r2 þ K sinðjþ hÞ

� �2
 !

¼
f

2

� �2

. (45)

The best and worst time delay, corresponding to minimum and maximum response amplitude r, can be
obtained by differentiating Eq. (45) and setting dr=dh ¼ 0, which yields

tanðjþ hÞ ¼
2s� 1

3
b2r20

aþ 3
4
gr20

. (46)

Now returning to Eq. (45), one notes that there can be one or three real values of the amplitude for a given
value of the excitation f. Determining the points of vertical tangencies in the frequency response curves in the
usual manner [18], one gets after some algebraic manipulation that three real roots exist in the range
s�ososþ, where

s� ¼
1

3
b2r2 � K sinðjþ hÞ

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

36
b4 �

27

64
g2

� �
r4 �

3

4
agþ

3

2
gK cosðjþ hÞ

� �
r2

�
a2

4
� aK cosðjþ hÞ � K2 cos2ðjþ hÞ:

vuuuuuut (47)

When the expression under the radical sign in the right-hand side of Eq. (47) reduces to zero, this
interval shrinks to s ¼ 1

3
b2r2 � K sinðjþ hÞ

� �
. This critical forcing amplitude can be calculated from

Eq. (45) as

f 2
crit ¼

48 18g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16b4 þ 81g2

q� �
aþ 2K cosðjþ hÞð Þ

16b4 � 243g2
a
2
þ K cosðjþ hÞ

0
BBB@

0
BBB@
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þ

9g 18g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16b4 þ 81g2

q� �
aþ 2K cosðjþ hÞð Þ

2 16b4 � 243g2
� �

1
CCA

2

þ

4b4 18g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16b4 þ 81g2

q� �2

aþ 2K cosðjþ hÞð Þ
2

ð16b4 � 243g2Þ2

1
CCCA. ð48Þ

For f4fcrit there is only one solution while fofcrit there are three.
The frequency response curve is given by

s ¼
1

6
b2r2 � K sinðjþ hÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f

2r

� �2

�
a
2
þ

3

8
gr2 þ K cosðjþ hÞ

� �2
s

. (49)

6.2. Stability analysis

One or three values of the amplitudes obtained in Section 6.1 may or may not be stable.
The stability of the response curve is determined by the eigenvalues of the corresponding Jacobian matrix

(J) obtained from Eqs. (42) and (43) by superposing small perturbations and linearizing the resulting
equations. The eigenvalues are given by

l2 � PlþQ ¼ 0, (50)

where the trace and determinant of the linearized matrix are defined by

P ¼ � aþ 3
2
gr20 þ 2K cosðjþ hÞ

� �
(51)

and

Q ¼
a
2
þ

9

8
gr20 þ K cosðjþ hÞ

� �
�

a
2
þ

3

8
gr20 þ K cosðjþ hÞ

� �

þ s�
1

6
b2r20 þ K sinðjþ hÞ

� �
� s�

1

2
b2r20 þ K sinðjþ hÞ

� �
. ð52Þ

A root with positive real part indicates an unstable solution, whereas if the real parts of the eigenvalues are all
negative then the steady-state solution is stable. The stability and bifurcation conditions for the periodic
solutions are as follows:

Stability conditions:
(i)
 Stable periodic solutions corresponding to a stable focus are

aþ
3

2
gr20 þ 2K cosðjþ hÞ40, (53)

s2 þ K2 þ
a2

4
þ

1

12
b4 þ

27

64
g2

� �
r40 þ

3

4
ag�

2

3
sb2

� �
r20 þ aþ

3

2
gr20

� �
K cosðjþ hÞ

þ 2s�
2

3
b2r20

� �
K sinðjþ hÞ40. ð54Þ
(ii)
 Unstable periodic solutions corresponding to an unstable focus are

aþ 3
2
gr20 þ 2K cosðjþ hÞo0, (55)
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s2 þ K2 þ
a2

4
þ

1

12
b4 þ

27

64
g2

� �
r40 þ

3

4
ag�

2

3
sb2

� �
r20 þ aþ

3

2
gr20

� �
K cosðjþ hÞ

þ 2s�
2

3
b2r20

� �
K sinðjþ hÞ40. ð56Þ
(iii)
 Unstable periodic solutions corresponding to a saddle is

s2 þ K2 þ
a2

4
þ

1

12
b4 þ

27

64
g2

� �
r40 þ

3

4
ag�

2

3
sb2

� �
r20 þ aþ

3

2
gr20

� �
K cosðjþ hÞ

þ 2s�
2

3
b2r20

� �
K sinðjþ hÞo0. ð57Þ
Bifurcation conditions:
(i)
 Hopf bifurcation occurs when

r20 ¼ �
2

3g
aþ 2K cosðjþ hÞð ÞX0, (58)

f 2
¼ �

1

6g
aþ 2K cosðjþ hÞð Þ

� aþ 2K cosðjþ hÞð Þ
2
þ 16 sþ

b2

9g
aþ 2K cosðjþ hÞð Þ þ K sinðjþ hÞ

� �2
 !

and

s2 þ K2 þ
a2

4
þ

4

9g2
1

12
b4 þ

27

64
g2

� �
aþ 2K cosðjþ hÞð Þ

2

�
2

3g
3

4
ag�

2

3
sb2

� �
aþ 2K cosðjþ hÞð Þ � 2K2cos2ðjþ hÞ

þ 2sþ
4b2

9g
aþ 2K cosðjþ hÞð Þ

� �
K sinðjþ hÞ40. ð59Þ

Anyhow, the above case should be avoided from the view point of bifurcation control. The feedback
should be implemented at least in such a way that Po0 is guaranteed. Under such feedback gains and
time-delays, the trace is always negative, and accordingly, at least one of the two eigenvalues will always
have a negative part.
(ii)
 Saddle-node bifurcation will occur

s2 þ K2 þ
a2

4
þ

1

12
b4 þ

27

64
g2

� �
r40 þ

3

4
ag�

2

3
sb2

� �
r20 þ aþ

3

2
gr20

� �
K cosðjþ hÞ

þ 2s�
2

3
b2r20

� �
K sinðjþ hÞ ¼ 0. ð60Þ
For some values of time-delay and feedback gain, the left-hand side of Eq. (60) is positive when no unstable
solution exists. The system will not exhibit jump and hysteresis phenomenon. Thus, the appropriate feedback
gains and time-delays can enhance the control performance.
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6.3. Numerical results and discussion

The steady-state amplitude is also computed by numerically integrating Eq. (28) using dde23 of MATLAB.
Integration is carried out until transients die down and a steady state is reached. For this integration e is taken
as unity with O ¼ 1� s. Integration is carried out with different initial conditions to arrive at the same steady
state. The best and worst time delay parameters obtained earlier by analytical method are used.

Unless otherwise stated, the gain factors are taken as gd ¼ 0:28 and gv ¼ 0:12. Using the relevant equations,
it was found that for high values of f (410), both the worst and best time delay parameters are rather
insensitive to the value of f and can be taken as h ¼ 1:95 and 5:09, respectively [21]. For lower values of f,
depending on the value of f, the best time delay parameter varies monotonically from h ¼ 4:81 to 5.08, where
as the worst time delay parameter varies from h ¼ 1:81 to 1.93. Figs. 11 and 12 show the response as a function
of the excitation for a given value of the detuning parameter (i.e., at a particular forcing frequency). Fig. 11
shows the results for a low range of excitation amplitude and Fig. 12 for the higher range. In Fig. 11, the
dotted lines represent the unstable amplitudes. Both these figures reveal that the control is more effective when
Fig. 11. Excitation-response curves with gd ¼ 0:28, gv ¼ 0:12, s ¼ �0:06: (a) uncontrolled; (b) h ¼ 0; (c) h ¼ 4:81; (d) h ¼ 1:81.

Fig. 12. Excitation-response curves with gd ¼ 0:28, gv ¼ 0:12, s ¼ �0:06: (a) uncontrolled; (b) h ¼ 0; (c) h ¼ 5:09; (d) h ¼ 1:95.
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the best time delay is used as compared to no time delay. The worst time delay has an adverse effect of
increasing the amplitude.

The excitation-response curves shown in Fig. 11 are quite closely reproduced by numerical integration as
shown in Fig. 13. Of course, the unstable solutions denoted by dotted lines are not obtained by numerical
integration. In Fig. 13, the black squares represent the results obtained by numerical integration. The data for
Fig. 13 are same as those for Figs. 11(a)–(d).

The frequency response curves for a given value of the excitation are shown in Fig. 14. The time delay
parameter values are same as those given in Fig. 11. Since the best time delay h ¼ 4:81 was obtained for
s ¼ �0:06, the corresponding curve c exhibits minimum response in that frequency range. It should be noted
that for this choice of the time delay parameter, the entrained frequency range is also the widest. Fig. 15 shows
the variation of the entrainment region with increasing excitation amplitude. All the curves in Fig. 15
correspond to h ¼ 4:81. The values of gain parameters are kept the same for Figs. 11–15. From Fig. 15 it is
seen that the entrainment region widens with increasing excitation as expected.

Results are presented so far for fixed values of the friction model parameters a, b and g (as given in Section
4) and also of gain parameters gd ¼ 0:28, gv ¼ 0:12. A detailed parametric study [21] reveals the following
facts. With increasing value of jajðao0Þ and decreasing value of g, the excitation level needed to produce
harmonic entrainment hardly changes, but the entrained response is higher. If the value of b increases, the
response is less and the frequency response curve becomes asymmetric about s ¼ 0. Without any time delay,
Fig. 13. Comparison of analytical and numerical results.
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Fig. 15. Harmonic entrainment region with different excitation level and h ¼ 4:81.

Fig. 14. Frequency response curve. f ¼ 0:28, (a) uncontrolled; (b) h ¼ 0; (c) h ¼ 4:81; (d) h ¼ 1:81.
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increasing gd increases the critical value of the excitation to cause entrainment, but the response of the
entrained amplitude hardly changes. With the best time delay, the response is lower with increasing gd; but
with the worst time delay the effect is just opposite. Without any time delay, increase in gv does not affect the
critical excitation level but decreases the response. With best and worst time delays, the effect of gv is similar to
that of gd.

7. Conclusions

A control force proportional to the displacement can control the limit cycle amplitude of a friction driven
oscillator, only if a suitable time delay employed. No time delay or unsuitable time delay may increase the
limit cycle amplitude. The proper choice of the amount of delay depends on the friction model parameters,
which can be determined experimentally with reasonable accuracy under pure slip condition. Increasing the
gain parameter, up to some limit, can help only if a proper time delay is used. Results obtained by using
multiple time scale method have been compared with those obtained by direct numerical integration.

The multiple time scale method can be conveniently used for analysing the primary harmonic entrainment
region of a forced, friction driven oscillator having identical time delay in the displacement and velocity
feedback. Numerical integration validates the results obtained by the multiple time scale method. The choice
of the time delay parameter is again crucial; otherwise the response may be adversely affected. The appropriate
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choice of the time delay depends also on the level of excitation along with the friction force model parameters.
The critical level of excitation needed to cause entrainment depends on various parameters. A high value of the
second derivative of the friction force with respect to slip velocity causes asymmetry in the frequency response
curve.
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